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Adsorption within pores and on surfaces occurs because of the attractive potential provided by the adsorbent.
If the attraction is too weak, however, adsorption does not occur to any significant extent. This paper evaluates
the criterion for such adsorption, at zero temperature, of the quantum gases4He and H2. This criterion is
expressed as a relationship between a threshold value of the well-depth (D) of the adsorption potential (on a
semi-infinite planar surface) and the hard-core diameter (σ) of the gas-surface pair potential. Six geometries
are considered, of which two result in two-dimensional (2D) adsorbed phases, two result in one-dimensional
(1D) phases, and two result in zero-dimensional phases. These are monolayer films on semi-infinite substrates
or within a slit pore, linear or axial phases within cylindrical pores (within bulk solids) or cylindrical tubes,
and single-particle adsorption within spherical pores or hollow spherical cavities, respectively. The criteria
for film adsorption are consistent with analogous criteria for film wetting to occur, evaluated with a simple
thermodynamic model.

1. Introduction

The subject of adsorption has been studied for more than a
century, resulting in a vast body of experimental and theoretical
information about the behavior of various gases on surfaces and
within pores, varying in composition and morphology.1-3 Many
macroscopic and even mesoscopic aspects of this behavior can
be understood from general thermodynamic principles, like
Kelvin’s equation. At the nanoscale, however, a quantitative
theoretical understanding of a specific system requires explicit
evaluation of the appropriate equations of statistical mechanics,
incorporating the relevant interactions. These are the gas-gas
and gas-surface interactions. Knowing these interactions, in
principle, one can predict the adsorption behavior, including
the structural, thermodynamic, and dynamical properties of
films.

Since the variety of possible adsorption systems is great,
general principles or guidelines are useful for anticipating what
adsorption behavior will occur in a particular circumstance, for
example, the pressure at which a monolayer film occurs at a
specified temperature. There exists a number of generic models
(e.g., Langmuir and BET) that achieve this goal semiquantita-
tively. This paper addresses an analogous, but more restricted,
problem. This is the determination of whether or not a given
geometry and substrate material provides a sufficiently attractive
adsorption potential for a film to appear, below saturated
chemical potential, at zero temperature. By focusing on tem-

peratureT ) 0, and hence the ground state of the system, a
significant simplification occurs in the analysis of this problem.
We focus further on two specific adsorbates,4He and H2, each
of which requires a quantum treatment. This choice is motivated,
in part, by the fact that a large body of prior experimental and
theoretical study has addressed the low-T adsorption of these
gases in planar or cylindrical geometries.4-8 Particular attention
has focused on the4He case because of the superfluid behavior,
present even in monolayer films. Once believed9 to be a
“universal wetting agent” because of its weak cohesion,4He
films became even more interesting with the discovery of
wetting transitions on weak-binding substrates.3,5,7,10-16 The
criteria for the occurrence of these transitions are closely related
to those found in the present calculations. This is not a
coincidence; both involve a competition between cohesive and
adhesive interactions. For systems exhibiting wetting transitions,
the adsorption potential is too weakly attractive to yield
significant adsorption at lowT (the wetting transition occurs at
high T, entropy-driven). Such systems include the inert gases
and H2 adsorbed on alkali metal surfaces. Relatively accurate
values of the interaction parameters are known in these cases,
which are therefore convenient to have for the present study.16,17

These weak-binding systems, not surprisingly, are found to have
interactions that straddle the crossover criteria derived in the
present paper for the various geometries of interest. Thus, cases
of very weak attraction between the gas and the surface are
likely to result in both nonwetting behavior and the absence of
monolayer adsorption.

This dependence of the adsorption behavior on the gas-
surface interaction has been investigated previously in many
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ways. Among these are simulation studies concerned with
classical fluids in slit and cylindrical pores at finite temperature.
Closely related to the present paper is a recent study of classical
adsorption atT ) 0 in a variety of geometries.18 A general
characteristic of these approaches is the incorporation of the
explicit gas-surface interaction to complement the thermody-
namic description.

The following section addresses quasi-two-dimensional (2D)
adsorption of monolayer films in two environments. One is a
semi-infinite substrate with a flat surface, a geometry which
has attracted the majority of theoretical studies in the past. The
other is a slit-shaped pore, bound by two half-spaces with
parallel faces. We refer to this as the “sandwich geometry”.
For each geometry and each of the two adsorbates, we determine
the criterion for the film to exist at a value of the ground-state’s
chemical potentialµ < µ0, whereµ0 corresponds to that of the
bulk adsorbate atT ) 0. This criterion is expressed in terms of
the adsorption potential,V(z), which we evaluate by integrating
Ugs(r), Lennard-Jones two-body interactions between the ad-
sorbate and the substrate atoms. Specifically, the criterion
expresses a relationship between a threshold value of the well
depth of the adsorption potential and the hard-core distance (σ)
in the interatomic potentialUgs(r). If the well depth for the actual
system of interest exceeds this threshold value, then monolayer
adsorption will occur atT ) 0, beginning at someµ < µ0;
otherwise, no such adsorption occurs. In the slit-pore geometry,
the threshold well depth turns out to be about one-half of the
value for a single surface (because the adjacent media are
assumed to contribute additively). In finding this threshold value,
we maximize the film’s binding by an appropriate choice of
the separationL between the two surfaces.

Section 3 is concerned with quasi-1D adsorption, associated
with a line of adsorbate atoms. The specific geometries explored
are a cylindrical tube (e.g., single-wall carbon nanotube), made
of one atomic layer of matter, and a cylindrical pore within an
otherwise solid material. In each case, we treat the cylinder
radiusR as a free parameter. For a given value ofσ, we find
the “optimized” R, such that the adsorbed film’s energy is a
minimum. We then evaluate the well-depth criterion for such a
1D film to exist. Section 4 discusses a (more academic) spherical
geometry. Results are obtained for a spherical pore and a hollow
spherical cavity. The threshold values of the well depth are
presented in terms of the well depth (D) of the atomic adsorption
potential on a semi-infinite planar surface in all cases except
the cylindrical tube and the spherical shell, for which the
threshold value is presented in terms of the well depth (Dsheet)
of the atomic adsorption potential on a monolayer flat substrate.
Section 5 summarizes our results.

2. Quasi-2D Phases

2.a. Monolayer Film Adsorbed on a Half-Space.In this
section, we evaluate the criterion for the existence of a planar,
monolayer film at a chemical potential (µ) below the saturation
valueµ0. The first substrate geometry to be considered is a half-
space,z < 0, occupied by a continuum, uniform material with
atomic number densityn. For an adatom located at distancez
above this surface, the potential is obtained by integrating over
the substrate the venerable Lennard-Jones (LJ) 6-12 interaction,
Ugs(r), with hard-core diameter and well-depth interaction
parametersσ andε, respectively. The result of such integration
is a 3-9 adsorption potential

Then, the positionzmin of the minimum, the well depthD )
-V(zmin), and the force constantk ) V′′(zmin) are the following

Here,R ) kσ2/D ) 27(5/2)1/3 ≈ 36.64. We now address the
question of whether or not a monolayer film forms on this
surface (atT ) 0, µ < µ0). The criterion is that the ground-
state energy per particle of the film (Efilm) is smaller than that
of the bulk material (E3D). For the former quantity, we
decompose it into a surface-normal part, the energy per particle
of a single adsorbed molecule (E1), plus a tangential part, the
many-body energy per particle (E2D) of a free-standing, 2D film,
in the absence of a holding potential

In the preceding equation, we adopt the harmonic approximation
so that the zero-point energy ispω/2, whereω ) xk/m. We
have confirmed the accuracy of this approximation (within 1%
for the present case) by comparing with exact results for the
present circumstance, obtained previously for the 3-9 potential.19

Combining the preceding equations, we determine the threshold
criterion by settingEfilm ) E3D, the upper limit for the existence
of the film. This equality may be written as

For the specific adsorbates,4He and H2, we know the left side
of this equation from existing experiments (E3D) and/or calcula-
tions (E2D). With these data as input, we use eq 7 to evaluate
the threshold value ofD as a function of the variableσ. The
specific values employed are the following for4He (H2): E3D

) -7.17(-89.8)K andE2D ) -0.85(-23.4)K.20-23 The results
derived from eq 7 are shown in Figures 1 and 2, for4He and
H2, respectively. The range ofσ values in these figures is typical
of gas-surface interactions. The points shown on these graphs
pertain to various weakly attractive adsorption systems, those
studied in the context of wetting transitions; we return to this
relationship in the next subsection. Note, for comparison, that
graphite, the most attractive surface exhibiting physical adsorp-
tion, would be represented by a point far above the threshold
curve, with an estimatedD close to 200K for4He and 600K
for H2

24-26.
We address one point about the approximation of energy

additivity, expressed in eq 5. The addition of a surface-normal
(z) energy of a single particle and the surface-parallel (xy) many-
body energy neglects the fact that these degrees of freedom are
weakly coupled; that is, thez motion affects the mutual
interaction energy present in thexyproblem. This approximation
was assessed for He adsorption on flat surfaces by Annett et
al.,26 who found energy shifts on the order of 1K, or less, to
result from the coupling of these motions. We omit that
correction from the present analysis.

V(z) ) 2πnεσ3

3 [ 2
15 (σz)9

- (σz)3] (1)

zmin ) (25)1/6
σ (2)

D ) 2x10 πnεσ3

9
(3)

k ) (52)5/6
(12πnεσ) ) RD

σ2
(4)

Efilm ) E1 + E2D (5)

Efilm ) -D + pω
2

+ E2D (6)

E3D - E2D ) -D + ( p
2σ) xRD

m
(7)
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According to the present model, among the systems shown
in Figure 1, only Li and Mg should adsorb monolayer films of
4He atT ) 0. In contrast, K, Na, Rb, and Cs should not adsorb
such a film, meaning that these surfaces are bare of4He at
saturation, forT ) 0. While this finding is consistent with
experimental data for Cs, the existing data for Rb are ambiguous,
as discussed below.27-29

We could, in principle, present a figure analogous to Figure
1 for the case of3He adsorption.3He, too, has a wetting
transition on Cs.30 Since the potentials are the same for both
isotopes, there would arise just two differences from the4He
case. One is that the zero-point energy would be larger by a
factor of x4/3 ≈ 1.15. The second is that the3He film is
unbound in 2D.31 The former difference would increase the
middle term in eq 6 by about 1K, and the latter would increase
the right-most term by 0.85K. Together, these differences would
result in an upward shift in the3He threshold for the half-space
substrate by nearly 2K relative to that of4He. Thus, the existence
of a 3He monolayer on Li is a marginal case, while the4He

monolayer film is definitely predicted to exist on Li. The latter
result was previously found to be the case with both exact
(diffusion Monte Carlo) and approximate (density functional
model) calculations.32

For H2, shown in Figure 2, as compared to He, there are fewer
adsorption studies or detailed calculations to test the present
model.11,33-35 Note that those surfaces (alkali and alkaline earth
metals) which are weakly attractive for4He adsorption are also
weakly attractive for H2. At the extreme limit of ultraweak
interaction, the surfaces of Rb and Cs have both shown very
small adsorption of4He at low T. H2 exhibits negligible
adsorption on Rb and Cs at 15 K, followed by wetting transitions
on both surfaces near 20 K. This behavior corresponds, within
20%, to the simple model’s predictions based on well depthsD
near 40-50 K.16,35

2.b. Relation to the Wetting Transitions. As mentioned
earlier, the wetting transition is closely related to the problem
investigated in this paper, the existence of the monolayer film
at saturation. We quantify the relationship here. AtT ) 0, the
criterion distinguishing between (complete) wetting and non-
wetting (partial wetting) behaviors differs from the monolayer
criterion by the substitution of the bulk liquid for the monolayer
film. In principle, a situation can occur in which a monolayer
exists without complete wetting;36 alternatively, complete wet-
ting can occur without there existing a monolayer phase. A
phenomenological criterion for4He wetting was proposed by
Cheng et al.; subsequently, this criterion was found to be
accurate for this and other simple fluids.7,15,32,34,36Called the
“simple model”, the criterion relates threshold values of the
adsorption interaction parameters (D andC3, the well depth and
the coefficient of the asymptoticz-3 adsorption potential,
respectively) to thermodynamic properties of4He, σlv andnliq,
the interfacial tension and liquid density, respectively, atT )
0. Wetting occurs in this model if

Writing

The wetting criterion for4He becomes

The corresponding curve is observed in Figure 1 to fall close
to the threshold criterion for the sandwich geometry but
significantly below the single surface monolayer curve. This
means that systems with interaction parameters lying between
this wetting curve and the monolayer curve do not exhibit a
monolayer film on a single surface, according to this model.
Yet, such systems do exhibit wetting behavior atT ) 0; they
do so by having a discontinuous isotherm (coverage as a
function of chemical potential) at lowT, with two or more layers
forming simultaneously asµ reaches a transition value (some-
where belowµ0). An experimental realization of this behavior
is 3He/Cs, which exhibits such a discontinuity at lowT.37 The
systems4He on Rb and Cs are seen in Figure 1 to fall just below
the wetting curve. This finding is consistent with4He/Cs
exhibiting nonwetting behavior at lowT and a wetting transition
at nonzeroT. For4He/Rb, the experimental evidence concerning
the T ) 0 wetting behavior is contradictory, with different
groups reaching different conclusions.27-29

Figure 1. Threshold value ofD for 4He monolayer formation in the
half-space (full curve) and sandwich (dots) geometries as a function
of the gas-surface interaction’s hard-core diameterσ. The dashed curve
corresponds to the simple model’s prediction of the4He wetting
transition for a single surface, eq 10. Points for various surfaces are
taken from ref 16.D is the well depth of the atomic adsorption potential
on a flat, half-space substrate.

Figure 2. Threshold values ofD for H2 monolayer formation in the
half-space (full curve) and sandwich (dots) geometries as a function
of the gas-surface interaction’s hard-core diameterσ. Points for various
surfaces are taken from refs 16 and 17.

(C3D
2)1/3 > 3.33

σlv
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) 3.33

0.268K/Å2
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D
)

(2πnεσ6/3)

x5/2 (4πnεσ3/9)
) 3
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Concerning the problem of3He wetting, to analyze that
problem, the right-hand side of eq 10 would be replaced by the
value 23K‚Å, different because theT ) 0 surface tension and
density are very different from those of4He. A curve represent-
ing the wetting criterion for3He would show the threshold value
of D to be about one-half of that for4He. From such a model,
one would conclude that all known surfaces are wet by3He at
T ) 0. This finding is consistent with detailed calculations and
experiments.30 Note that the threshold for monolayer formation
on 3He is higher than that for4He, while the reverse relationship
is found for the wetting thresholds.

2.c. Sandwich Geometry.Turning to the sandwich geometry,
we explore the criterion for a monolayer film to adsorb within
a slit pore, defined by two half-spaces, denoted A and B, with
parallel faces. These are separated by a distanceL, which we
vary in order to minimize the energy. As in the preceding
discussion, we search for the most strongly bound phase of a
monolayer film. Ignoring many-body effects, as is conventional,
the total potential energy experienced by the adparticle is taken
to be the sum of contributions from the two adjacent materials.38

Then, for an atom at distancez from one surface, A, the total
potential energy is

In the case of identical media binding the slit, the potential
energy assumes one of two qualitatively distinct forms, depend-
ing on the ratioL* ) L/σ. If L/2 exceeds the distance to the
inflection point (zinflection ) σ) of VA(z), the single surface
potential, then the total potential energyVslit(z) has two
equivalent minima, one near each surface. In such a case, the
double-well geometry yields the well-known splitting of oth-
erwise degenerate states. Otherwise,Vslit(z) has a single
minimum located at the midpoint of the slit. Thus, the criterion
for a single minimum isL* < 2. Our focus is the strongest
binding, which occurs in the latter case.

To determine the most strongly bound film, one recognizes
that this occurs whenz is taken to be the equilibrium position
for surface A (i.e.,z ) (zmin)A) and setsL - z ) (zmin)B, the
equilibrium distance for substrate B. In this optimized case, then,
L ) (zmin)A + (zmin)B. The force constant for this potential (kslit)
is seen to be the sum of the force constants for the two surfaces,
kA and kB, kslit ) kA + kB. For simplicity, we consider
subsequently the case of two identical media, so thatL )
2(zmin)A. Then, the resulting well depth is twice that of the single
surface (i.e., 2D), as is the force constant. The analysis of this
situation proceeds like that of the single surface case, with the
resulting criterion given by an appropriately modified version
of eq 7

If we were to ignore the zero-point term, the threshold value
of D for this sandwich geometry would be one-half of that of
the single surface. Because of this term, instead, the threshold
value is somewhat more than half, as seen in Figures 1 and 2.
Note that the cases of Cs, Rb, and K are ones for which no
monolayer film exists in the sandwich geometry for H2, while
for 4He, there are just the marginal cases of Rb and Cs that just
might exclude this monolayer film, but the uncertainty of the
parameter values is too large to be sure.

In the preceding discussion, we have fixed the value ofL by
minimizing the potential energy alone. A more complete analysis
is discussed in the Appendix, where the energy minimization

yields an approximately 20% larger value ofL than that of the
relation L ) 2zmin based on the potential energy alone.
Qualitatively, the wider pore reduces the zero-point energy
somewhat, without sacrificing the potential energy significantly.

3. Quasi-1D Phases Confined within Cylindrical Surfaces

3.a. Criterion for 1D Phases.Because of numerous studies
of adsorption inside and outside of various kinds of nanotubes,
there is particular interest in the threshold criteria for this
geometry. In this section, we consider first endohedral adsorption
within the single-wall tube, and then address the problem of a
cylindrical pore within a solid material. We focus on the problem
of the adsorption of a linear, or axial, phase within this
environment. Apart from the 1D character of the problem, the
concepts are qualitatively similar to those of the previous section.
The goal remains one of identifying the optimal geometry (here,
the radiusR of the cylinder) for maximum binding of the film.
The threshold condition is thus given in terms of the 1D energy
per particle,E1D, by

In this case, the potential energy is expanded about the axial
value,V(r ) 0; R), with a radial force constantkr, as

There being two transverse (radial) degrees of freedom in the
pore, the quantitypωr is the zero-point energy, whereωr )
xkr/m. Analysis based on eq 13 requires input values ofE1D at
T ) 0. These have been calculated to be aboutE1D ) -1.7mK
for 4He andE1D ) -4.834K for H2.39,40

3.b. Cylindrical Tube. The calculations of the potential
energy within a cylindrical tube have been carried out by Stan
and Cole, with these results forV(r ) 0; R), the potential energy
on axis, and the radial force constantkt

41

Here,θ is the 2D density of atoms comprising the tube, assumed
to be constant, that is, a continuum substrate. This expression
for the axial potential has a minimum whenRmin ) (105/64)1/6σ
≈ 1.086σ, at which point the potential and force constant
become

These expressions can be related to the well depth for the case
of adsorption on a hypothetical monolayer substrate (like
graphene). In that case, the potential energy obtained by
integration over the (assumed continuum) sheet has a well-depth
value (atzmin ) σ) of

From eqs 13, 17, and 18, we see how theVmin andωr parameters
present in eq 13 can be expressed in terms of the alternative

Vslit(z) ) VA(z) + VB(L - z) (11)

E3D - E2D ) -2D + p
σ xRD

2m
(12)

E3D ) E1D + min{Vmin + pωr} (13)

V(r) ) V(r ) 0; R) + 1
2

krr
2 (14)

V(r ) 0; R) ) 3π2θεσ2[(21
32)(σR)10

- (σR)4] (15)

kt ) 3π2θε[(2541
32 )(σR)12

- 25 (σR)6] (16)

Vmin ) V(r ) 0; Rmin) ) - 144π2

5(105)2/3
θεσ2 (17)

kt ≈ 422.3θε (18)

Dsheet)
6π
5

θεσ2 (19)
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parametersDsheetandσ. The resulting axial phase criterion, eq
13, can be expressed as a relation betweenDsheetandσ. This
approach yields the numerical results shown in Figure 3 for
4He and H2.

3.c. Cylindrical Pore. The procedure in the case of a
cylindrical pore is analogous to that discussed in section 2, apart
from geometrical details. We have derived the following results
by integrating the LJ pair interaction over the solid. Letr denote
the distance from the axis so thatVR(0) is the potential on the
axis. For smallr, an expansion yields

Herex ) R/σ is the reduced radius. The axial potential energy
has a minimum value (Vmin) at xmin ) Rmin/σ ) (21/32)1/6 ≈
0.932, given by

This value can be compared with the well depth above a semi-
infinite half-space, with a planar surfaceD ) (2πx10/9)nεσ3.

Numerically, the ratio|Vmin |/D ) 3.68, showing the greater
coordination inside of a cylindrical pore compared to that of a
flat surface. The force constant for this optimal radiusRmin has
a value of

Using the ratio 3.68 from above, the relevant criterion for
forming the axial phase is this (analogous to eq 13)

Figure 4 compares numerical values of this criterion inside of
pores for4He and H2. The key finding is that the energetic
benefit of the high coordination within a cylinder is to reduce
the threshold value ofD considerably below the values found
for half-space and close to the values for the slit-pore geometry.
Specifically, for4He, theD threshold (at a given value ofσ) in
the pore geometry is within 10% of the threshold for the
sandwich geometry. For H2, the pore threshold values ofD are
about 2/3 of those for the sandwich geometry. The similarity
of the thresholds in the sandwich and pore geometries occurs
because the significantly greater attraction in the pore is
approximately compensated for by the smaller cohesive energy
in 1D than that in 2D. Note that the theoretical well depth for

Figure 3. Threshold criterion (Dsheetas a function ofσ) for the existence
of 1D phases of4He (a) and H2 (b) within a cylindrical tube atT ) 0.
Dsheet is the well depth of the atomic adsorption potential on a flat,
monolayer substrate.

V(r) ) VR(0) + 1
2

kpr
2 (20)

VR(0) ) π2nεσ3 [ 7
32

1

x9
- 1

x3] (21)

kp ) π2nεσ [10.83

x11
- 1.875

x5 ] (22)

Vmin ) -8.122nεσ3 (23)

Figure 4. Threshold value ofD for existence of an axial phase inside
of a cylindrical pore for4He (a) and H2 (b) as a function ofσ, the
gas-surface interaction’s hard-core diameter. Points are interaction
parameters of refs 16 and 17.

kp ) 205.4nεσ )
(205.4)(9)

2πx10

D

σ2
≈ 92.9

D

σ2
(24)

E3D - E1D ) -3.68D + p
σ x92.9D

m
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4He/Cs is sufficient to yield the 1D axial phase within a pore,
although it is not sufficient to adsorb a monolayer film on a
flat surface, according to Figure 1.

4. Spherical Geometry

We now turn to the spherical geometry, which leads to a zero-
dimensional situation, that is, matter localized at, or near, the
center of the sphere (at the origin). Although cylindrical models
have been used often to treat porous media, the actual geometry
is sometimes closer to spherical. As a result, spherical cavities
have indeed been explored previously as a host environment
for adsorption. Early works on this subject include, for example,
refs 38, 42, 43, and 44. Currently studied examples of such
porous media include fullerenes and “inverse opal materials”.45

We ignore the computational details and present just the results
in two geometries analogous to those of the cylindrical problem,
a spherical pore or a hollow sphere. Here, with the LJ
interaction, we express results in terms of the van der Waals
coefficients,C12 ) 4εσ12 andC6 ) 4εσ6. For a spherical cavity
of radiusR, the potential energyVsphercav(r) satisfies

Here,F ) r/R is the reduced radial distance. At the origin, this
expression reaches a value of

This function is a minimum atRmin ) (C12/C6)1/6, which, for
the LJ potential, yieldsRmin ) σ. Hence, the global minimum
potential energy is

This value differs from that for a cylindrical pore, for which
the numerical factor, 8.122, is smaller than (32π/9) ) 11.17 by
a factor 1.4, a consequence of the higher coordination in the
spherical case. The threshold criterion for the spherical geometry
to exhibit adsorption is simply found from the substrate potential
energy field since we may assume there is just a single adsorbed

particle for this “point phase” of matter. The criterion for its
existence is

Here,ksphercavis the force constant in the spherical potential. Its
dependence onR is given by the following expression

At the optimized valueRmin ) σ, this yields ksphercav(R) )
32πnεσ. Figure 5 shows the resulting criterion for adsorption
in this pore. Not surprisingly, the threshold value ofD is smaller
than that found for the other geometries. The very high
coordination of the spherical environment allows adsorption at
its center for all known materials.

For completeness, we address one additional geometry, a
hollow spherical shell. In this case, the potential energy is

In this situation, the potential energy at the origin is a minimum
whenR/σ ) (5/2)1/6, at which point one finds-Vmin ≈ 16.4θεσ2.
The force constant in this optimized case iskhollow(r) ≈ 153θε.
The numerical factor in the holding potentialVmin is nearly 30%
larger than the value (12.8) obtained (eq 17) for the cylindrical
tube geometry. In both this case and the spherical cavity case,
the enhanced substrate attraction (relative to the other geom-
etries) implies a lower threshold for the planar surface well depth
D than for the previously considered cases.

5. Summary and Conclusions

In this paper, we have investigated a conceptually straight-
forward question: do there exist quasi-0D, -1D, or -2D phases
of the quantum gases4He and H2 near a set of specific surfaces?
The answers to this question depend on two parameters entering
the gas-surface interaction. We can find these answers relatively
easily because we letT ) 0 and because we exploit existing
information about the energies of the free-standing 1D or 2D
phases of these materials. The total energy includes also the
potential energy provided by the host substrate, along with the
zero-point energy associated with fluctuations about the equi-
librium 1D or 2D structures.

For the quasi-2D half-space geometry, the threshold criterion
for the well depth (D) for monolayer formation, at fixedσ, is
seen in Figure 1 to exceed, by a factor∼2, the “simple model”
criterion for wetting on the same surface. This result is expected
because films can wet a surface without forming a monolayer,
as occurs for the3He/Cs case. In contrast, as is also expected,
the wetting criterion forD is less stringent than the criterion
for a film to exist in the optimized sandwich geometry.

The well-depth criteria for quasi-1D4He and H2 films to occur
within cylindrical or spherical tubes and pores are comparable
to those found for the sandwich geometry. This conclusion is
derived by assuming that one has the freedom to design a pore
or tube of the optimal radius and comparing the results with

Figure 5. Threshold value ofD as a function of the gas-surface
interaction length,σ, shown for the case of adsorption within a spherical
pore. Results are shown for H2 (full curve) and4He (dashes).
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those for a sandwich geometry with optimized spacingL
between the half-space substrates. If this optimization is not
applicable, then one can evaluate the criterion for a specificR
andL, using the same approach as that outlined here, employing
the appropriate formulas above for the specific geometry.
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Appendix: Zero-Point Energy in the Sandwich Geometry

In this section, we evaluate the effect on the slit-pore’s width
(L) of including the zero-point energy (ε) on the energy
minimization with respect toL. For the (symmetrical) case where
opposite sides of the “sandwich” are made of the same material,
the particle’s equilibrium position lies halfway between the two
walls, at distance z. Then, the energyE(z) is a sum of the
potential energy at the equilibrium position andε

Here, k(z) ) V′′(z) is the second derivative of the potential
energy contributed by a single half-space. Seeking to minimize
the total energy, by differentiating, we get a perturbative
expansion

Hence, (withV′(zmin) ) 0 andV′′(zmin) ) k(zmin)) the shift due
to the zero-point energy of the equilibrium distance at optimal
separation is given by

For the 3-9 adsorption potential

Then, we find a relative shift in the equilibrium position

The dimensionless quantityp/(σxmD) is analogous to the De
Boer quantum parameter in many-body physics, a measure of
the relative importance of quantum effects. A typical value of
the right side of eq A6 for4He, with σ ) 3Å andD ) 10K, is
0.36 so that (z - zmin)/σ ≈ 0.18. While this might seem like a
small relative change, it corresponds to an energy change (from
eq A1) of∆E ) -k(z - zmin)2 ≈ -1.3D. Such a large change
means that the perturbation theory used to derive it is suspect.
In fact, the preceding analysis exaggerates the magnitudes of
∆E because higher-order anharmonic terms reduce the shift,
but that cannot be addressed analytically.
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